The application of a 3D domain decomposition finite-element and spherical mode expansion for the design of planar ESPAR (electronically steerable passive array radiator) made with probe-fed circular microstrip patches is presented in this work. A global generalized scattering matrix (GSM) in terms of spherical modes is obtained analytically from the GSM of the isolated patches by using rotation and translation properties of spherical waves. The whole behaviour of the array is characterized including all the mutual coupling effects between its elements. This procedure has been firstly validated by analyzing an array of monopoles on a ground plane, and then it has been applied to synthesize a prescribed radiation pattern optimizing the reactive loads connected to the feeding ports of the array of circular patches by means of a genetic algorithm.
Introduction
In a large number of applications, such as WLAN, the radiating elements are installed on the ceiling of the room. In these cases, it is very useful to produce a toroidal beam with linearly polarized fields to prevent the interference coming from reflections on the walls and the floor of the room. A range of θ from 10
• to 65
• is suggested for the beam, while φ-symmetrical fields are preserved [1] . Neighbouring users become another source of interference. A good solution to prevent this interference is to break the symmetry on the φ of the beam, by placing radiation nulls and/or maximums in the appropriate directions. Therefore, sometimes it is necessary to obtain non-φ-symmetrical radiation patterns with a maximum beam for θ from 10
• . There are several approaches to set up a nonsymmetrical radiation pattern. As a relevant example, the ESPAR electronically steerable passive array radiator concept is introduced in [2] . It consists of an array of monopoles over a metallic plane. One of these monopoles is placed in the centre of a circumference. The other monopoles are located uniformly spaced on the circumference. The central monopole is the active radiating element and the others are reactively loaded by means of PIN diodes. A low profile array made of equilateral triangular patches is presented in [3] . The radiation pattern is confirmed by loading the nonactive patches with reactive microstrip stubs.
Other numerical techniques have been employed to analyze the aforementioned arrays, such as the method of moments (MOM) in [1, [3] [4] [5] , the finite-element method (FEM) jointly with genetic algorithms (GA) in [2] or with the gradient algorithm working with patch elements [6] . However, in all these cases, the array is always studied as a whole block, that is, all the electromagnetic fields have to be recalculated for the whole structure in each step of any optimization algorithm since all the elements of the array are embedded in the same mesh. This makes the optimization a time-consuming task.
A method for the analysis of a class of arrays by using the 3D finite-element method (3D-FEM) and spherical mode expansion was presented in [7] . This technique is combined with a domain decomposition method, allowing the problem to be easily studied since the domain under study can be divided into several separate regions, thereby increasing the efficiency of the calculations. So, first the GSM of each antenna in terms of spherical modes and feed modes is obtained, and then the array is completely characterized by obtaining its overall GSM by means of an analytical procedure based on the translation theorems of spherical waves. Therefore, all the mutual coupling effects are taken into account since the scattering properties of each element can be calculated numerically and coupling and reflection characteristics of an array are easily obtained by using matrix expressions. The procedure provides coupling, scattering, and radiation properties of arrays, whose elements can be described in terms of spherical waves, rigorously. A reduced order model [8] may also be used to carry out a fast frequency sweep. The effectiveness of the proposed method for array design has been proved in other previous works [9, 10] .
In order to validate the proposed procedure for this application, an array of monopoles will be analyzed and the results will be compared to the obtained in [4] . Finally, the method presented in [7] will be used to design and optimize a radiation pattern of an array of circular patches, see Figure 1 , configured as an ESPAR array. Specifically, the patches will be fed by a coaxial probe, six of them will have reactive loads and only the central one will be fed. The optimization variables will be the reactive loads for all the nonactive patches. 
Design Procedure
The design of the array will be performed as described in the following steps ( Figure 2 ).
(1) Each one of the isolated elements of the array is completely surrounded by a hemisphere on an infinite ground plane, see Figure 2 (a). This allows to describe each element in terms of spherical modes since the electromagnetic fields on the radiation port (hemisphere) can be expressed as a sum of spherical waves. All the elements of the array are identical, so only one GSM has to be numerically calculated.
For an antenna with two ports, its GSM i may be expressed as (2) The overall multimode S-parameter matrix for the array is obtained from the GSM i , see Figure 2 (b), by using the rotation and translation properties of spherical waves, accounting for all the mutual coupling effects between its elements. This way, it is possible to obtain the overall GSM for the array:
where
being
and the matrices G i j contain information on the translation of spherical waves between elements i and j (general translations matrices). Details can be found in [7] .
(3) The feed transmission lines corresponding to the nonactive antennas are loaded with pure reactances to obtain a desired radiation pattern, see Figure 2 (c).
From the overall GSM of the array, this is a completely analytical step carried out through the reflection coefficient of the load, v and w. In this step, the variables are the phases of the reflection coefficients presented by the loads.
(4) The radiation pattern is obtained by assuming a d = 0 (non incident field on the array) as
(5) The reactive loads on the feeding ports are changed.
(6) Go to step 3 until the synthesized radiation pattern obtained fulfils the prescribed design specifications.
It is worth mentioning that the main numerical effort in this procedure is made just once, at the first step, and it is not necessary to repeat it. The second to fourth steps are fully analytical, which allows their efficient inclusion inside an optimization procedure to obtain the desired radiation pattern.
Validation
In order to validate the proposed procedure, it has been applied to study a structure based on monopoles and the results have been compared with those available in the references. Then, this procedure has also been applied to design an array of probe-fed circular microstrip patches, and a radiation pattern has been synthesized by means of a genetic algorithm. So the first example considers an array of monopoles. This array is also studied in [4] . Its structure can be seen in Figures 3 and 4 of [4] . A central active monopole 15 mm long with diameter 1.5 mm is fed by a 50 Ω coaxial probe, with air as the dielectric and a central conductor with diameter 1.5 mm. This monopole is surrounded by eight monopoles of the same length and diameter uniformly distributed over a circumference of radius 6 cm. Five of them are grounded and the other three are loaded with a 50 Ω coaxial line, air as dielectric, central conductor of 1.5 mm diameter, with length 10 mm loaded with a short circuit. The array has been constructed over a large metallic ground plane.
In this work, we have firstly studied the array as a whole, thus obtaining the response of the array by embedding the whole array in the same hemispherical mesh. Its GSM has been calculated by using a radiating hemispherical port and 4 coaxial feeding lines. Then, the loads (short circuits through a length of coaxial line in this case) have been applied to the three corresponding monopoles, resulting in a device with one radiating spherical port and a coaxial line port. A comparison of our calculated results and the measurement and computed results given in [4] is shown in Figure 3(a) for the reflection coefficient and for the azimuthal radiation pattern in Figure 3(b) , at a frequency of 5 GHz. It can be observed that the procedure for calculating the radiation properties of an array of antennas, considering it as a whole structure, is working properly. Next, we have slightly modified the previous monopole array. Now the nonradiating elements are distributed over a circumference of radius 10.5 cm. All the other dimensions remain unchanged. This array has been studied twice. First, the array has been analyzed as a block and the results have been used for comparison purposes. Second, the array has been studied following the procedure described in Section 2, obtaining the overall GSM from the GSM of the isolated elements.
For the first case, where the array has been analyzed as a block, the 3D radiation pattern obtained has been represented in Figure 4 (a). For the second case, where the array has been studied from the GSM of each single radiating element, an isolated monopole has been studied with a hemispherical surface with radius 2 cm, enough to embed the monopole. The array has an active element located at the centre, three passive elements are loaded with a pure reactive impedance of 91 j Ω, and the remaining are short circuited. Both conditions have been imposed by loading the ports of the overall GSM properly. The 3D radiation pattern of the array computed from the GSM of the isolated monopole is given in Figure 4(b) . In order to clarify the comparison between these results, a 2D representation of the radiation pattern on the azimuthal plane for both cases is also given in Figure 4 (c), where a very good agreement can be observed. Therefore, the proposed procedure to obtain the global GSM of a reactively loaded array starting from the GSM of each isolated element is working as expected.
It is interesting to compare the time required for the calculation in both cases. For the whole array, analyzed with 33,054 degrees of freedom, the time calculation for a frequency point is 112 seconds (standard PC 2.8 GHz). For the isolated monopole, analyzed with 11,797 degrees of freedom, the calculation time is 24 seconds. Building the overall GSM is a very fast analytical computation (rotation and translation of spherical waves between the positions of the monopoles). Moreover, if a new distribution on the loading impedances and/or a new position of monopoles is required, the computing time is very low once the GSM of the isolated monopole has been calculated. This is the main advantage of the proposed procedure.
Planar ESPAR Array Design
The design procedure described above has also been applied to the design of a planar ESPAR of probe-fed circular microstrip patch antennas, with six identical elements as given in Figure 1 . The design frequency is 2.41 GHz.
A single radiating element, a circular patch with a coaxial probe, has been designed. The patch is located over a dielectric disk of thickness 0.2 cm, relative permittivity ε r = 1.07, loss tangent tgδ = 0.0008. The dimensions are radius of the dielectric disk 3.5 cm, radius of the patch 3.32 cm, zero thickness, and probe position xp = 1.0 cm. Thus, a −20 dB input reflection coefficient has been found at 2.41 GHz. The radiating structure, patch and dielectric disk, has been embedded in a hemisphere of radius 4 cm. The calculation time for a frequency point is less than 2 minutes (26,121 degrees of freedom). As stated before, once the GSM of the isolated circular patch is obtained, all the design is analytically calculated, with very low calculating times. A computation time smaller than 1 second may be considered for each one of the following radiation patterns.
The ESPAR array is made placing six identical reactively loaded circular patches over a circle of radius R cm, surrounding a central patch fed by a coaxial probe on an infinite ground plane. Several radiation patterns have been obtained by changing the reactance of each port with virtually no computational cost. The patches and the loads are hereinafter numbered as indicated in Figure 1 .
Radiation Pattern Optimization
In order to obtain radiation patterns fulfilling some prescribed characteristics, a genetic algorithm has been applied to the design approach. In this case, the phases of the reflection coefficients for each one of the loading reactances have been chosen as the optimization variables. It should be noted that each optimization requires no more than 5 minutes.
It is remarkable that the proposed procedure allows the variation of the positions of the antennas without much effort by using the translational theorems of spherical waves, obtaining the full response of the array in a very short time. In this sense, the radius R (containing the centre of the surrounding elements of the array) has been optimized to ensure a better performance of the design. This capability becomes a great advantage since there is no need to mesh again the whole array when the positions of the antennas have been changed due to a variation of the radius.
To illustrate the efficiency and the accuracy of the proposed optimization procedure, a radiation pattern with • and a attenuated value 7 dB below the maximum in φ = 180 and θ = 30
• has been specified in the design.
In this case, for a radius equal to 8 cm, the reactances obtained from the optimization process have been found jX 1 = 9.52 j Ω, jX 2 = −42.55 j Ω, jX 3 = 84.39 j Ω, jX 4 = 242.69 j Ω, X 5 = 66.39 j Ω, and X 6 = −45.83 j Ω. A 3D power pattern polar representation and a 3D directivity radiation pattern (absolute value in dB) have been shown in Figure 5(a) . For better understanding of the 3D representation, both directions (maximum and minimum) have been drawn as straight lines in Figure 5 . Different cuts over the φ-plane (φ = 0
• , 30
• ) for the copolar component of the radiation pattern have been represented in Figure 6 . CST Microwave Studio software [11] has been used for validation purposes and a very good agreement has been observed in all cases.
Other radiation patterns subject to different specifications have also been synthesized with a good performance (not presented here to save space).
Additionally, we have studied the behaviour of the loaded structure with reactances from the point of view of the reflection coefficient at the operation frequency, with good agreement if compared to full-wave results obtained by means of CST MWS, as shown in Table 1 .
Conclusions
The use of 3D FEM and spherical wave expansion becomes a very accurate method to analyze and design a circular patch planar ESPAR array. This method is also very efficient since most of the calculations can be carried out analytically. Obtaining the GSM of the isolated patch in terms of spherical waves is the only numerical computation required and, for this purpose, a hemisphere port surrounding the structure is considered. Once this GSM has been obtained, all the remaining calculations to achieve the GSM of the whole array, including the effects of the coupling between its elements, become very fast since they only involve the enforcement of theorems of rotation and translation of spherical waves, allowing its application to optimization procedures. Arrays with all their elements located very close to each other can be easily analyzed in order to obtain a high coupling factor between them. Also, the positions of the elements of an array can be easily and quickly changed avoiding the need to mesh again the whole structure.
A genetic algorithm optimization procedure has been used to synthesize a radiation pattern with some desired specifications in a short time.
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